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Abstract. - In this work we consider the issue of localization of antisymmetric tensor fields of
arbitrary rank in a D dimensional Space-time with a codimension two membrane. A string-like
defect is used to simulate the membrane. The localization of massless and massive fields is found.
The mass spectrum is infinitely degenerate for each mass level and this is solved by coupling the
q−form to fermions.
Introduction. – Higher dimensional theories are source of several ideas from the
mathematical and physical point of view. Its diversity comes from the number of fields
that naturally appears in their descriptions. If our universe is multidimensional then, in
D = 4, all of these fields should present some signal in the accelerators. This is enough
to situate the study of localization of all sort of fields as an important aspect in physics of
extra dimensions. These scenarios are those in which membranes or small compactified extra
dimensions plays crucial role. They are naturally embedded in the formalism of superstring
Theories.
As is well known, the quantum superstrings present in its spectrum a bunch of bosonic
and fermionic tensorial fields: in fact, an infinite tower of them [1,2]. The understanding of
the superstrings low energy limit is based on its massless excitations, and the low tension
limit involves all the fields contained in its spectrum (in this case, all fields are massless) [3].
From this viewpoint, they are of great interest because they may have the status of fields
describing particles other than the usual ones. As an example we can cite the space-time
torsion [4] and the axion field [5,6] that have separated descriptions by the two-form. Other
applications of these kind of fields are its relation with the AdS/CFT conjecture [7].
The spectrum of the superstring is classified in various sectors. For example, the bosonic
massless fields of the Ramond-Ramond sector in type IIA superstring is different from that
in type IIB superstring. In type IIA we get a 1-form and a 3-form, while in type IIB we
get a 0-form, a 2-form and a 4-form. The existence of these fields is related to the existence
of stable D−branes in type II theories. These D−branes are electrically or magnetically
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charged under these fields, i.e., the forms and its duals are important in the D−brane
description. In the context of T−duality inD−brane background, several kinds ofD−branes
are interrelated. Despite of these developments in the string viewpoint, there are studies
about all characteristics of p−branes appearing in various SUGRAS.
From the mathematical side, antisymmetric tensors are natural objects living in the
fiber bundle of differential manifolds. They play an important role in the construction of
the manifold’s volume and therefore its orientation. The dimension of the manifold defines
the sort of possible antisymmetric tensors and this is used to define a specific space of
forms [8]. Besides this, they are related to the linking number of higher dimensional knots
[10]. Therefore, because of all these aspects, it is important to study higher rank tensor
fields in membrane backgrounds. In this direction antisymmetric tensor fields has already
been considered in models of extra dimension. Generally, the q−forms of highest order do
not have physical relevance. This is due to the fact that when the number of dimensions
increase, also increases the number of gauge freedom [9]. This can be used to cancel the
dynamics of the field in the brane. The mass spectrum of the two and three form have been
studied, for example, in Refs. [4] and [11] in a context of codimension one in five dimensions.
After that, the coupling between the two and three forms with the dilaton was studied, in
different contexts, in [12–14]. The study of this kind of coupling, inspired in string theory,
is important in order to produce a process that, in principle, could be seen in LHC. This
is a Drell-Yang process in which a pair quark-antiquark can give rise to a three(two)-form
field, mediated by a dilaton.
In another direction soliton-like solutions are studied with increasing interest in physics,
not only in Condensed Matter, as in Particle Physics and Cosmology. In brane models, they
are used as mechanisms of field localization, avoiding the appearance of the troublesome
infinities. Several kinds of defects in brane scenarios are considered in the literature [18–20].
In these papers, the authors consider brane world models where the brane is supported by
a soliton solution to the baby Skyrme model or by topological defects available in some
models. As an example, in a recent paper, a model is considered for coupling fermions to
brane and/or antibrane modelled by a kink antikink system [21]. The localization of fields
in a framework that consider the brane as a kink has been studied for example in [22–25].
In this context the present authors have studied the issue of localization and resonances of a
three form field in [26] and in a separate paper q−form fields are analysed in a codimension
one p−brane [27]. The aspects of the extra dimension with codimension two has been
recently studied. We cite for example [15,16] for the gravitational field where a new solution
to the Einstein equations in 1+5 spacetime with an embedded 1+3 brane was presented.
In [17] it was considered the localization of scalar and the vector gauge field in arbitrary
dimension. The subject of this article is to study aspects of q−form fields in a scenario of
a p−brane with codimensions two. Specifically we will study the issue of localization using
string-like solutions in a Randall-Sundrum-like model [17].
This work is organized as follows. The second section is devoted to find the solution of
Einstein equation with source given by a string like defect. In the third section we analyse
how the gauge freedom can be used to cancel the the angular component of an arbitrary
q−form. In the fourth section we analyse the issue of localization of the zero modes of these
fields . In the next section we solve the equation to find the mass spectrum and find that
each mass level is infinitely degenerate. This is solved by coupling fermions to the fields.
Finally, in the last section, we discuss the conclusions and perspectives.
The Gravitational String-Like Solution. – As said in the introduction, topological
defects has been widely considered in Randall-Sundrum like models. Here we consider a
generalization of this models in which a vortex is considered as the source for the gravitation
field [28].
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The action regarded is given by
S =
1
2κ2D
∫
dDx
√
−g (R− 2Λ) +
∫
dDx
√
−gLm, (1)
where we are using the same notation as that of [28]. In the above action κ is related to
the D-dimensional gravitational constant through the relation κ = 8piGN and Lm is the
contribution of the vortex to the Lagrangian.
The equation of motion are given by
RMN −
1
2
gMNR = −ΛgMN + κ2DTMN . (2)
where TMN is the energy-momentum tensor. In order to solve the above equation we choose
the following ansatz for the metrics
ds2 = gMNdx
MdxN
= e−A(r)ηµνdx
µdxν + dr2 + e−B(r)dθ2, (3)
where in the above equation r and θ are respectively the radial and angular coordinates
of the vortex. This metric is similar to that used in [15, 16].In all the above equations we
have used M,N... as D−dimensional indices and µ, ν... as p−brane indices. Furthermore we
adopt for TMN the spherically symmetric ansatz
T µν = δ
µ
ν to(r),
T rr = −T θθ = tθ(r). (4)
As pointed in [28], the above choice gives us the spontaneous symmetry breakdown [29]
and a global defect. With this ansatz at hand, the solution of Einstein equation is given by
ds2 = e−crηµνdx
µdxν + dr2 +R20e
−c1rdθ2
where
c2 =
1
p(p+ 1)
(−8Λ + 8κ2Dtθ) > 0,
c1 = c−
8
pc
κ2Dtθ. (5)
and defining P (r) = e−cr and Q (r) = R20e
−c1r it can be written as
ds2 = Pηµνdx
µdxν + dr2 +Qdθ2.
The case without sources is obtained in a trivial way by setting tθ = 0 giving us a local
defect [30]. We are going to use the above metrics to analyse the localization of arbitrary
forms in string-like defects.
Antisymmetric Tensor Fields in Arbitrary Dimensions. – In this section we
consider the action for a q−form XM1...Mq . The zero, one, and two forms have already been
considered in the literature [28], and a discussion about the degrees of freedom using BRST
formalism can be found in [9]. In order to analyse arbitrary forms we must first understand
the gauge freedoms involved. First, note that the number of degrees of freedom (d.o.f.) of
an antisymmetric tensor field with q indices is given by(
D
q
)
=
D!
q! (D − q)! .
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For the one form we have
δXM = ∂Mφ
where φ is a scalar field. Therefore we have for the number of physical d.o.f. of the one form(
D
1
)
−
(
D
0
)
=
=
[(
D − 1
1
)
+
(
D − 1
0
)]
−
(
D − 1
0
)
=
(
D − 1
1
)
. (6)
In the above expression we have used the Stiefel relation(
D
k
)
=
(
D − 1
k
)
+
(
D − 1
k − 1
)
,
and the fact that (
D
0
)
=
(
D − 1
0
)
. (7)
For the two form we have
δXM1M2 = ∂[M1XM2]
and therefore the gauge parameter is a one form with number of physical d.o.f. given by
Eq. (6). Using again the Stiefel relation we obtain(
D
2
)
−
(
D − 1
1
)
=
=
[(
D − 1
2
)
+
(
D − 1
1
)]
−
(
D − 1
1
)
=
(
D − 1
2
)
. (8)
Therefore we find that the number of physical d.o.f. of the q−form field is given by(
D − 1
q
)
. (9)
Lets prove that this is valid for a (q + 1)−form. In this case the gauge parameter will
be an q−form and therefore, using the Stiefel relation, we have for the physical d.o.f. of the
(q + 1)−form (
D
q + 1
)
−
(
D − 1
q
)
=
=
[(
D − 1
q + 1
)
+
(
D − 1
q
)]
−
(
D − 1
q
)
=
(
D − 1
q + 1
)
.
The D-form has no dynamics. Using gauge symmetries, from the above result, we can
see that the d.o.f. of the (D − 1) form can be made all null at the visible brane. Therefore,
in the next section, we must analyse only the cases q = 0, 1, 2, 3...p.
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Localization of q−Form Zero Modes. – The path way for dealing with an arbitrary
form is the same, therefore we will left the number of indices free, like above. The field
strength is denoted by YM1...Mq+1 = ∂[M1X...Mq+1] and the action is give by
S = − 1
(q + 1)!2
∫
dDx
√
−gYM1...Mq+1YM1...Mq+1 (10)
and for the equation of motion
1√−g∂M1
(√
−ggM1N1 ...gMq+1Nq+1YN1...Nq+1
)
= 0.
With the above background the equation of motion becomes
P−1ηµ1ν1gM2N2 ...gMq+1Nq+1∂µ1Yν1...Nq+1 +
P−
p
2Q−1/2∂r
(
P
p
2Q1/2gM2N2 ...gMq+1Nq+1Yr...Nq+1
)
+
Q−1gM2N2 ...gMq+1Nq+1∂θYθ...Nq+1 = 0 (11)
The number of d.o.f. of the component XM1...Mq−1θ is given by(
D − 1
q
)
, (12)
and from our previous analysis, it can be gauged away or, explicitly XM1...Mq−1θ = 0.
Decomposing now the q−form field as
Xµ1µ2...µq = Σl,mB
l,m
µ1µ2...µq (x
µ)
ρm (r)√
R0
eilθ
Xrµ2...µq = ΣlB
l
rµ2...µq (x
µ)
σ (r)√
R0
eilθ (13)
and the reason for not summing over m in the last equation is that σ do not depend
on it, as will be seen later. We easily see that the s-wave(l = 0) with constant radial
dependence ρm = ρ0 and Xrµ2...µq = constant is solution. To find this we need to use
∂µ1Bµ1µ2...µq = ∂
µ1Hµ1µ2...µq+1 = 0, where Hµ1µ2...µq+1 = ∂[µ1Bµ2...µq+1].
Now we must substitute this solution into our action in order to look for a localization
of this zero mode. With this framework the action reduces to
S = − 1
(q + 1)!2
∫
dDx
√
−gYM1...Mq+1YM1...Mq+1 =
= − 2pi
(q + 1)!2R0
∫
∞
0
drP
p
2−q−1Q1/2 ×
×
∫
dpxηµ1ν1 ...ηµq+1νq+1Hµ1...µq+1Hν1...νq+1.
Therefore, in order to have a localized field, the integral
I =
1
R0
∫
∞
0
drP
p
2−q−1Q1/2
has to be finite. Using our definition we get
I =
∫
dre−[(
p
2−(q+1))c+
1
2 c1]r.
p-5
G. Alencar et al.
The condition for localization can be expressed as
1
κ2D
Λ < tθ < −
p− 1− 2q
2(q + 1)κ2D
Λ,
for c > 0 and
tθ > −
p− 1− 2n
2(q + 1)κ2D
,
for c < 0.
The above expression generalizes the one found in [17] and in particular for q = 0 and
q = 1 we recover the previous results. We also must be careful because for an even p the
(p/2)−form is self-dual, and the action considered above is not valid for these cases and
must be considered separately. In the case of a local defect, the above condition reduces to
q < (p − 1)/2. Therefore, for p = 4 for example, only the zero and one form are localized.
In the next section we must consider the massive modes.
The Massive Modes. – Now we must consider the possibility of localization of the
massive modes. For this we must consider the local defect cited above.(
ηµν∂µ∂ν + P
2q+1−p
2 ∂rP
p−2q+1
2 ∂r +
1
R20
∂2θ
)
Bµ1...µq
−P
2q+1−p
2 ∂rP
p−2q+1
2 ∂µ1Brµ2...µq = 0, (14)(
ηµν∂µ∂ν +
1
R20
∂2θ
)
Brµ2...µq = 0, (15)
∂r
(
P
p−1+2q
2 ∂θBrµ2...µq
)
= 0. (16)
Using the previous decomposition of the fields (13), the last equation give us
σ(r) = αP−
p−1+2q
2 , (17)
where α is an integration constant. Therefore, as stated before, we see that σ does not
depends on m. Using this solution and (13) we find that the first two equations in (16)
reduces to (
ηµν∂µ∂ν −m2m
)
Bl,mµ1µ2...µq (x
µ) = 0,(
ηµν∂µ∂ν − l
2
R20
)
Blrµ2...µq (x
µ) = 0, (18)
provided ρm satisfy the equation(
P
2q+1−p
2 ∂rP
p−2q+1
2 ∂r −
l2
R20
)
ρm(r) = −m2mρm(r). (19)
or
P∂2rρm(r) + P
′(
p− 2q + 1
2
)∂rρm(r)
+(m20 −
l2
R20
)ρm(r) = 0. (20)
Using our KK decomposition (13), the above solution for σ and∫
∞
0
drP
p−(2q+1)
2 ρnρn′ = δnn′ . (21)
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we find the following effective action
SX =
∫
dpx
∞∑
n,l=0
[− 1
(q + 1)!2
ηµ1ν1 ...ηµq+1νq+1H(n,l)µ1...µq+1H
(n,l)
ν1...νq+1
− 1
2
m2nη
µ1ν1 ...ηµqνqB(n,l)µ1...µqB
(n,l)
ν1...νq ]−
α2
c(p− (2q − 1)) [P (r¯)
−
p−(2q−1)
2 − 1]×
∫
dpx
∞∑
l=0
[− 1
(q)!2
ηµ1ν1 ...ηµqνqH(n,l)µ1...µqH
(n,l)
ν1...νq −
m2nη
µ1ν1 ...ηµq−1νq−1B(n,l)µrµ1...µq−1B
(n,l)
νrν1...νq−1 ], (22)
where we must take the limit r¯ →∞ at the end.
We point here that the above orthonormality relation is possible only for 2q + 1 < p,
a condition that was also necessary for the massless case. We must also perform a field
redefinition Blrµ2...µq → α
√
2
c(p−(2q−1)
√
P (r¯)−
(p−(2q−1)
2 − 1Blrµ2...µq in order to absorb the
divergence coming from the multiplicative factor in front of the second term in the effective
action. Now we can solve mass equation (20) by a change of variables M2n = m
2
n − l
2
R20
,
zn =
2
cMnP
−
1
2 and hn = P
p−2q+1
4 ρn, to obtain[
d2
dz2n
+
1
zn
d
dzn
+
{
1− 1
z2n
(
p− 2q + 1
2
)2}]
hn = 0. (23)
This is a Bessel equation of order (p− 2q+ 1)/2 and have already been solved, with the
same boundary condition in [28]. To avoid repetition we must just use the results obtained
by the author. The solution found is given by
ρn(zn) =
1
Nn
P−
(p−2q+1)
2
[
J (p−2q+1)
2
(zn) + αnY (p−2q+1)
2
(zn)
]
. (24)
In the limit Mn << c, the mass formula and the normalization constant Nn are given
by
Mn =
c
2
(n+
p− 2q
4
− 1
2
)pie−
1
2 cr¯, (25)
Nn =
√
c
zn(r¯)
2Mn
J p−2q+1
2
(zn(r¯)). (26)
Note that for the case q = 0, 1 our expressions reproduces the one found in [28]. The
important fact to be noted here is that in the limit r¯ → ∞ we have Mn = 0 and therefore
m2l =
l2
R20
. This means that each mass level is degenerate in n and we would have an infinite
massless modes localized on the p−brane. This problem can be solved when we study the
coupling of these fields to fermions. As we will see, only for the case n = 0 the interaction
term is localized. We must consider for this only the cases q > 1 for the cases with q = 0, 1
has already been studied [28] and because the coupling of the q−form with fermions is
fundamentally different for q > 1. The coupling we are going to consider is given by
SΨΨ¯X = −gX
∫
dDx
√
−gΨ¯ΓM1...Mq+1YM1...Mq+1Ψδ(r), (27)
Using now the fact that Γµ = P−
1
2 γµ and integrating in θ we obtain for the q−form
interaction
SΨ¯ΨB = −gX
√
R0
∫
dpxΨ¯γµ1...µq+1
∞∑
n=0
H(n,0)µ1...µq+1(x)fn(0)Ψ. (28)
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From our solution ρm and for Mn << c we obtain the approximation
ρn(0) =
1
Nn
J p−2q+1
2
(
2
c
Mn) =
√
cP
1
4 (r¯), (29)
and using the orthonormality condition we also obtain
ρ0 =
√
c(p− 2q + 1)
2
. (30)
Defining now g˜X = gX
√
c(p−2q+1)
2 R0 we obtain for the effective interaction of the q−form
SΨ¯ΨB = −g˜X
∫
dpxΨ¯γµ1...µq+1
[
H(0,0)µ1...µq+1(x) +
√
2
p− 2q + 1P
1
4 (r¯)
∞∑
n=1
H(n,0)µ1...µq+1(x)
]
Ψ. (31)
As said before, only the n = 0 mode is localized due the p
1
4 factor multiplying the other
modes. Therefore we do not have the problem of infinitely degenerate massless modes.
Conclusions. – In this paper we have studied the issue of localization of zero modes
of arbitrary forms in a D−dimensional space with codimension two. To reach this we have
used a string-like topological defect in the codimension cited. We also performed an analysis
of the physical degrees of freedom of a q−form in order to cancel the angular component
of the fields. With this at hand we first studied the localization of the massless fields in
the global string-like topological defect. In this framework all form fields are localized if a
given condition is satisfied. The condition found here is very similar to and generalizes the
one found by I. Oda [28] for the zero and one form. For the massive case we use a local
string-like solution. A solution to the mass equation is found and the spectrum is infinitely
degenerate for each mass level. In order to solve this problem, we coupled the antisymmetric
fields to fermions. This was done in a minimal way, by coupling the fermions to the gauge
invariant field strength of the respective form. With these we found that only the first level
n = 0 is localized, solving therefore the problem of degeneracy, getting a spectrum that have
dependence only on l.
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